Abstract. The electronic states of a finite crystal in a uniform electric field are studied for a linear. one-band, tight-binding chain with nearest neighbour overlaps, the most favourable case for the existence of a Stark ladder in the e n e r a spectrum. The use of Brillouin-Wigner perturbation theory leads directly to an exact ladder for an infinite chain and strongly suggests that a fraction of the levels arising from atoms in the central part of a finite chain form a weakly perturbed 'quasi-ladder'. The properties of continued fractions enable analysis of finite size effects on the Stark levels of isolated atoms and yield accurate upper and lower bounds for the edges of the perturbed energy spectrum. Detailed numerical calculations substantiate these conclusions.
Introduction
There has been considerable controversy recently concerning the solution of Schrodinger's equation for a potential of periodicity a and a superposed uniform electric field F. Wannier (1960) showed that an eigenfunction $(v) of energy E, when .translated by nu (n an integer), satisfies the equation
H ( r ) $ ( v + nu) = ( E + neF. u ) $ ( v + na)
(1) As a consequence, he predicted a 'Stark ladder' of levels with spacing A = eF. a. This conclusion has been examined by a number of authors (for a detailed li5t of references. see Davison and Tan 1972) , and strongly disputed by some of them.
The basis for the most general proof of the Stark ladder is Schrodinger's equation for a Bloch electron in the kq representation (Zak 1968) 
C(k, q ) = EC(k, q )
where H ( q ) has the same functional form as H(v). As pointed out by Zak, a Stark ladder spectrum follows from this equation only if E, or rather the average of E over the first Brillouin zone, is a well defined constant. It,is clear, however, that E is determined by (2) only up to arbitrary terms of the form e F . (dd(k)/dk) which result from a shift, O(k),
i . Chercheur Qualifie au Fonds National Belge de la Recherche Scientifique, Brussels. Permanent address: Institut de Physique, Universitk de Liige, Sart-Tilman, Belgium. in the phase of C(k, 4):: An eigenvalue of equation 2 cannot, therefore, generally be identified with a characteristic energy of the system, and the proof of the Stark ladder based on this equation is inconclusive. More recently, Rabinovitch and Zak (1971) showed that for a finite crystal, both free electrons and electrons moving in a weak potential of the Mathieu form show m Stark ladder behaviour, though the energy levels are quantized and depend on the boundary conditions at the surfaces. Zak (1968) has further stated that even in the most favourable case for the existence of a ladder, a one-band linear tight-binding chain, none could result. Other workers, such as Feuer (1952) and Hacker and Obermair (1970) , have examined the infinite linear chain and find ladder-like behaviour, and Shockley (1972) suggested that, under certain conditions, this may be true even for finite crystals.
In this paper, we re-examine the most favourable case for the existence of a Stark ladder, namely the linear tight-binding chain of one-level atoms, with nearest neighbour overlaps. We pay particular attention to the physically important finite chain. In the next section we describe the model, and in $ 3 we use Brillouin-Wigner perturbation theory to find its exact eigenvalues in the infinite case. The form of the results provides insight into the basic features for a bounded chain and strongly suggests that, under appropriate conditions, the levels associated with sites near the centre of the chain form a weakly perturbed Stark ladder. In $ 4, the modifications of the energy levels due to edge effects are examined using a method which yields an accurate expression for the spectrum edges. Together with the detailed numerical calculations which follow, these results provide a fairly complete picture of finite size effects in the model crystal in an applied electric field.
The linear tight-binding chain
The electron states for a chain of N one-level atoms at 0, a, 2a, . . . , ( N -l)a subject to a uniform electric field F are obtained by solving the set of difference equations
where n = 1 , 2 , 3 , . . . , ( N -2) and p = Po + eFy.
The eigenfunction corresponding to the energy E is expanded in terms of Wannier functions centred at sites n with amplitudes { . . . . ~ C, . . . . . }. Different values of the Coulomb integrals for atoms situated inside (z) and at the ends of the chain (a') must be allowed if one wishes to examine the conditions under which surface states may or may not exist. Finally, Po and eFi denote the unperturbed nearest neighbour overlap integral and its perturbation due to the applied field (y being the appropriate dipole matrix element).
For an infinite chain in the absence of an electric field, the energy levels are restricted to a band (4) E, = a + 2p COS ka of width 4P, and the amplitudes C, (E,) have the usual Bloch form
The unperturbed states for a finite chain and, in particular, the conditions for the existence of surface states have been investigated by Goodwin (1939) . An explicit closed form solution does not seem possible in this case with an applied electric field, and in the remainder of this work we develop other methods of eigenvalue evaluation. For simplicity, we restrict the discussion to the case a = U'.
Application of BrillouiwWigner perturbation theory
In the absence of overlap, the applied electric field splits the n-fold degenerate atomic level x, and a ladder of levels a, a + A, x + 28, . . . , a + (N -1) A results. To examine the consequence of nearest neighbour overlaps, it is convenient to use the Feenberg (1948) formulation of Brillouin-Wigner perturbation theory. If an unperturbed state I n ) is nondegenerate, its eigenvalue is given by the exact expression (7) There are no repetitive matrix elements in this expansion, which is normally solved iteratively. Its form is particularly appropriate for the tight-binding model, since a restricted range of interaction means that all terms in (6) beyond a given order are identically zero. In the present case, the unperturbed states In) are the Wannier functions centred on the atom sites, and for the nearest neighbour overlap model, H,, = a + nA; n = 0,. . . ( N -1) . H,, = Hr, = P ( 6 , ,+ + 6 , ,-1), n = 1, 2, . . . ( N -2) ; H,, = @, , H,-1, , = PS,, ,-2. Considering a particular level 1 n ) and writing the departure from the unperturbed energy,
we obtain from (6) and (7) P' P2
This equation has the solution 6 E , = 0. not only in the trivial case P = 0, but also if both continued fractions contain the same number of terms. The latter is true for an infinite chain ( N + CO), so we obtain an exact Stark ladder E , = a, E , = a + A, E , = 2 + 2A.
. . . E , = r + nA, . , . , for all values of the overlap P, For a finite chain, the cancellation of the two continued fractions is only exact for the central atomic level and an exact ladder cannot occur. The above discussion suggests, however, that if an approximate ladder exists, it corresponds to a group of levels centred on the middle of the spectrum. The deviation from an exact Stark ladder and the number of levels involved depends naturally on the parameters used. Equation 3a shows that an approximate ladder can occur only for those levels for which nA % 8. For fields in the kilovolt per cm range. this condition will be satisfied for sufficiently large crystals.
Boundary effects
We now investigate in some detail the boundary effects in a finite chain. It is clear from equation 9 that these are most pronounced for edge atoms, and we derive here upper and lower bounds on the energy interval in which the eigenvalues of equation This may be used to generate the continued fraction:
The electronic levels of the linear chain are given by the solutions of D, = 0, and one readily verifies that for these energies D,-I # 0: ; The energy eigenvalues are therefore confined to the range in which the continued fraction (12) does not converge as N + x.
The most useful criterion of convergence in the present case is the Worpitzky theorem (Wall 1948, p 42ff) . Applying this, we find that the allowed energies are restricted to the range where
It follows after some algebra that the allowed electron energies are bounded by the inequalities, (15) These vanish for , B = 0 and are of the order f 2j3 for p % A, as anticipated.
5, Numerical solution of eigenvalue problem
In order to examine the above results in more detail, we have numerically calculated eigenvalues and eigenfunctions of equation 3. Up to sixty atoms and a range of parameters have been used and allowance for values of %' # % has been made. The parameters may be chosen to simulate a macroscopic crystal, with zero field band limits a & 2p, in the sense that the levels are distributed over a range 4p, with the familiar one dimensional density of states. In a typical case N = 59, A = 0.001, p = 0.005, a = a' = 0.05 (arbitrary units) satisfy the condition N A $ j expected to hold in physically interesting cases.
Here. thirty of the energy levels, symmetrically distributed around the centre of the spectrum, form a ladder with splittings within 1 ?( of A. With one less atom in the chain, the 'quasi-Stark ladder' has one less level and the remaining upper levels are shifted down by the amount A. For these parameters, therefore, the groups of perturbed states at the edges are completely decoupled. For the edge levels, E,, = 0.115055 (6E,, -0.007) and E , = 0.045026 (6E, --0.005), compared with the values given by the analysis in $4 of E 5 8 = 0.117512 (6E,, -0.0095) and E , = 0.040488 (6E,--0.0095). The agreement between the analytical limits and the numerical results is rather satisfying.
have been discussed for an infinite chain by Feuer (1952) and Hacker and Obermair (1970) . In this case. equation 3u is simply the recurrence relation for Bessel functions (Abramowitz and Stegun 1965) of order { n -( E -a)/A} and argument 28 A, and hence, for the levels in the Stark ladder, The eigenvectors {C, (E,) . . . C, - where A is a normalization constant and J,(z) is the Bessel function which vanishes as v -+ W . This expression leads to the familiar tilted band picture (Adams 1957), which shows that the electric field causes the oscillatory range of the eigenfunction I m ) to be rather than the infinite range of Bloch functions. For ( n -m) > 2L,/u, the amplitudes Cfl(E,) decay exponentially. We have numerically evaluated the eigenfunctions in the case of a finite chain and confirm the Bessel function behaviour for those levels which form the 'quasi-Stark ladder'. We note particularly that the weakly perturbed ladder corresponds to those levels whose wavefunctions do not strongly overlap the surface region (in the sense that their exponential tails are vanishingly small at the ends of the chain).
In principle, a direct way of solving equation 3 for a finite crystal would be to write C,(E), n = 0,1, . . . (N -1) as a combination of two linearly independent Bessel functions (solutions of 3 4 satisfying the boundary conditions (3b) and (3c). This method, which determines the eigenvalues as solutions of a transcendental equation, was used by Goodwin (1939) in the field-free case. Simplified formulae for the Bessel functions can be applied if either the argument (2/?/A) or the order { n -( E -@)/A} is very large. Although the first case is not physically important, we may apply the latter in the discussion of energies near an end of a long chain. In this instance, the boundary condition for the other end leads to large order terms. However, the exact Bessel functions for general order are necessary for the other boundary condition and are, we believe, generally necessary in a complete discussion of the present problem. The numerical solution of the transcendental equations which result is much more complicated than the exact diagonalization of the secular matrix.
Concluding remarks
The most favourable case for the existence of a Stark ladder in a finite crystal, the linear tight-binding chain with nearest neighbour overlaps, has been examined. For infinite chains, an exact ladder is obtained, and for finite crystals with /? < NA a quasi-ladder exists for those levels whose eigenfunctions do not strongly overlap the surface region.
For insulating materials where band overlapping is negligible and to which high field strengths can be applied without breakdown, this may be observable. The assumption of nearest neighbour interactions is made here for clarity alone. The results may be generalized to longer range overlaps. More complicated continued fractions are obtained, but they can be reduced to the form of equation 9 with renormalized interactions. Generalization to more than one band is also possible. and becomes important if NA is of the order of the gap between different bands.
As a final remark, we note that the Brillouin-Wigner continued fraction approach is potentially of wider applicability in the study of energy levels in tight-binding systems. The continued fraction approach to the moments of the density of states ('the moment problem', see Wall (1948) , chapter 14) is currently being applied to such materials by V Heine, R Haydock and M J Kelly (private communication).
